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An Iterated Mayer Expansion
for the Yukawa Gas
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We construct a convergent expansion for the Yukawa gas at small activity and
inverse temperature f§ < 4m/e®.
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1. INTRODUCTION

In this paper we study a convergent expansion for the pressure and the
truncated correlation functions of the two-dimensional classical Yukawa
gas at low activity A and inverse temperature B<d4n/e? (the collapse
threshold).

The existence of the thermodynamic limit for the pressure, for any A
and fe’ <4rn, and for the correlation functions, for any A and fe® < 16/,
was proved in Refs. 1-3, together with the analyticity and exponential
clustering of the correlation functions, for A small and fe? <4n. All these
results were obtained using essentially Euclidean field theory techniques.

Here we propose a purely algebraic approach, which allows to prove
the analyticity of the pressure and of the correlation functions around
4=0. As usual, also the exponential clustering could be easily derived from
the expansion.

The ideas used in this paper were developed in Ref. 4, where they have
been applied to study the Yukawa gas in the collapse region 4n < fe? < 87,
and found recently an interesting application to the Coulomb gas with
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fixed ultraviolet cutoff.®) They are essentially a very natural application to
these problems of the renormalization group techniques.® In fact the main
idea is to do an expansion in each length scale separately and iteratively.
This aliows to carefully take into account the different strength of the
interaction at different scales.

Other “iterated Mayer expansions” of the type discussed in this work
are present in the recent literature.””"? We profited by some technical tools
developed in Refs. 7, 12, and 13.

The algebraic approach of this paper can be extended to the Coulomb
gas with fixed ultraviolet cutoff in the region fe* > 8z, where it is known®
that the coefficients of the Mayer series are finite. Unfortunately, up to
now, we were not able to prove the convergence of the expansion in this
case.

As regards the Yukawa gas in the collapse region 4n < fe® < 8m, it is
possible to show that all the coefficients of the Mayer series are finite,
except the first M, where M is the largest even integer such that
2(M — 1) — Be*M/4n < 0. Another open problem, whose solution is strictly
related to the solution of the previous one, is the convergence of the sum of
the remaining terms of the Mayer series.

2. THE MODEL

Let us consider a classical two-dimensional gas of particles of charges
+e¢ and activity A in a finite volume A, at inverse temperature f,
interacting via the potential

< 1 th{x— y 1 1
C\N(X—Y)=i—2n—)2-‘[dkek(‘ ’)<1+k2‘y21\/+2+k2) (2.1)

where y is a scaling parameter greater than 1. As is well known, its grand
canonical partition function can be written in the following way:

Zqzj P(dp=<")e"s (22)

where P(dp=") is the Gaussian measure with covariance C=" and

=1y j dx ees", (2.3)
=174
&= (fe)'? (2.4)

o g 2CSN igepsSV
:e'“s“’:NI = o2yl piseg (2.5)
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In the sequel we shall need the following standard definitions. If
f1i,- fn are random variables and & denotes the expectation, the truncated
expectation of f,..., f, is defined by the equation

n

0 R g
EXf 15 Jn) ETRRET log &(e*1™471) (2.6)
1 n A= Ay=0

If fi= - f,=f, we define also the truncated expectation of f of order n by
the equation

&(fsm)=6r{foms f) (2.7)

Let LEN”‘ be the expectation with respect to the measure
(ZY)~'e"1P(dp<") and EX- the corresponding truncated expectation. The
correlation functions of the gas are given by the equation®’

£ n N, 6 idsip SN
PY(E s £) = ATENA {n s :}
i=1

(2.8)
E=(x;,8), x;€A, ge{—1, +1}

One has a very simple expression also for the truncated correlation
functions

<N

OY(E oy ) = AMENAL o005 gt} (2.9)

This follows from Egq. (2.8) and the well-known fact that the right-hand
side of Eq. (2.9) is equal to

)3 (—1)‘0"(|D|—1)!HENA(H:e"*f‘Pi”:) (2.10)

De2(l,..,n) yebD iey

where 2(1,..., n) is the set of partitions of (1,..., n) and |D| denotes the num-
ber of elements in D.

For each N, w%(&,,..., &,) and p§(&,,..., £,) have a well-defined limit, as
AR, wM(¢E,,.., &,) and pY(&,,.., &,), respectively. Also the pressure

Py = lim ——

4,r2 | A]

log Z% (2.11)

is a meaningful expression. Furthermore all these functions are analytic
around A = 0. All these results follow from the fact that the potential C5" is
stable and regular.!'”

The two-dimensional Yukawa gas is here defined as the limit of this
system as N — 00. In Refs. 1-3 it was shown that a similar limit (it was
used a different ultraviolet cutoff) does exist if ° <4n and has some nice
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properties, described in the Introduction. If @* > 4x the system is not stable
any more, but one can show*!'!) that, if &> < 8=, one can recover at least
the stability by doing in Eq. (2.2) the substitution

VN PN =V — zn

(2 i EN(VN; 2n) (2.12)

where £7(-; n) denotes the truncated expectation of order n with respect to
the measure P(dp <") and M >1 depends on &*(M — oo as a* — 87).
In the sequel we shall restrict ourselves to the case

572 <4 (2.13)

The main result will be the following one:

Theorem 1. If 3°> <4 there exists A,>0, depending on &> such
that, if |4| < 4o, p™(A) converges, as N — oo, to an analytic function p(A).

This theorem will be proved in Sections 3 and 4. In Section 5 we shall
discuss how to extend its proof in order to show the following:

Theorem 2. If &*><4n there exists 4, >0, depending only on &>,
such that, if |A] < 4,, there exists the limit

w(él’"" in):/\/h—{nm wN(il""a én) (214)

3. THE EXPANSION FOR THE PRESSURE

As in Ref. 4, we start from the decomposition of the field ¢ =¥ as a
sum of independent, identically distributed up to scale factors, Gaussian
fields

N
osN=2, ¢ (3.1)
0

@* is, by definition, the Gaussian field with covariance

s 1 ip(x — v 1 1
Ck(x—y)=—(—wfdpe”‘ ’)<yzk+pz‘yz(k+1)+p2) (3.2)

It is easy to see that
CH(x) = Cy*x) (3.3)

log Y

C*(0)=C°0)= (3.4)
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We define the “effective potential of order k" 7% in the following way:

Pi(p=)=log [ Pdp*+") ™™ 0<k<N  (35)
ie<")=v7 (3.6)
This definition is such that
Z§=JP(dqo<k)e[7ﬁ, 0<k<N (3.7)
We define also
Pt =log Z% =log j P(d°) A" (3.8)

By applying the cumulant expansion to its right-hand side, Eq. (3.5)
can be written in the following way:

~ &1 ~
V’sznmé"’;“(V’jl“;n) (3.9)

1

where &%(-; n) denotes the truncated expectation of order k with respect to
the measure P(d@*).

The expansion of the effective potentials and of the pressure that we
shall study is obtained by iteration of Eq. (3.9). In the first step we apply
Eq. (3.9) with k = N — 1. The step £ consists in the application of Eq. (3.9)
with k= N —h and 7%*! equal to the expansion obtained at the step h— 1.
In order to describe the structure of the iterated expansion, we need to
introduce some definitions.

Definition. A O cluster is a single particle i. An / cluster, /> 1, is a
family o= {oy,..., «,} of =2 m clusters, m </~ 1, which contains at least
one (/—1) cluster. We shall say that a,.., «, are the components of a. A
particle i belongs to o (i€ «) if it belongs to one of its components. Let S(et)
be the set of particles belonging to « and |«| the cardinality of S{a). An
! custer a= {«,..., o, } has also the property that S(«,) nS(a,)=¢ if r#s.

The O clusters are all equivalent, or of the same type. We shall say that
two [ clusters, /> 1, are equivalent, or of the same type, if they contain the
same number of m clusters of the each type. Let C, be the set of all
! clusters and T, the set of all types. If a e C,, we shall denote by [a] the
type of o and by |[«]| the number of components of .
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Given a={a,,.,«,} and the integer , 0<A<N+1, we define a
function g}**(¢, ..., £, ), depending on the positions and on the charges
{i=(x,, ¢;) of the particles /,,..., 7, belonging to «, in the following way:

oy ME) = 4, h<N+1 (3.10)
Jiv’/’h(éip"-s éi,,) :()3 lf N“1+ I </1<N+ 1, 12 1
1
et =( T )
1 s1emy Nin!
m<i—1
% 0_(2 <k—1
x Y kexp -3 Y Usks
r#&Es

o P
Q

Namr’k“(éy)} h<N—I+1,1>1

Xy

(3.11)

where we denoted by N{;, the number of clusters of type [] contained in
2, by Y, the set S(«,), and by £, the coordinates of the particles in 7,.
Furthermore we used the following definitions, valid for any family
{¥ (s, Y,} of mutually disjoints sets of particles:

Uky= Y, CHxi—x;) 58 (3.12)
ey
k

Ust =2, Uky (3.13)
0

[exp(—;gsvky,ys)]; YOI -1 (314)

ged; (rs)eg

In Eq. (3.14) %< denotes the family of all connected graphs with ver-
tices {1,.., n} and the pair (r, 5), 1 <r<s<n, specifies a leg of the graph g.

Remark. The [ clusters here defined differ by the “trees” of Ref. 5 and
the / vertices of Ref. 7 only because we sum over the “frequencies” of the
components.
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We claim that the iteration of Eq. (3.9) gives the following result:

o} n—1
Vh=Vk+Yn Y e dé, - dE, gk I(E ., E)
2

1 [k]ETI‘[[Ax{—I,-f—I}]”

laf=n

n

X exp <io'czl,a,-<p_§">:, —1<h<gN (3.15)
1
In Eq. (3.15) fdé=Y¢[dx and 95~ '=0, V;'=24|4].
Equation (3.15) can be proved very easily by induction, using
Egs. (2.3), (2.5), (3.9), and the following simple properties of the Gaussian
field ¢ <%

(1) ce®oes’s= eimeni’ s gl (3.16)

(2) If Y,,., Y, are mutually disjoint families of particles of coor-
dinates {y,= (xy, €y,), i=1,.., ¢, then

Er(explide v @5, explidey, - @ s

t &2
= :exp (io’zz isyi(pﬁ_h“l>:exp<~ ) Y Uﬁ’gl>

1 r#s

x [exp <— %ﬁ Y U’;YYS>] (3.17)

r#s

where we used the notation
ey @3t=) e05" (3.18)

ieY

4. PROOF OF THEOREM 1
Equations (2.11), (3.8), and (3.15) imply that

20 n—1 1
pY(A)=24+Y n e lim —
; 21: [a]ZETEMRZIAI

lal =n

x| dy o dEy 0 s €)) (41)
[Ax{—1+1}]"

The main point in the proof of Theorem 1 will be of course a bound of
the series in the right-hand side of Eq. (4.1), which is uniform in N. We
define

oy = | de, -+ dg, 5(x,) 0 oA, ., 8] (42)

[RIx{—1,+1}]"
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where i€ a is arbitrarily choosen (the result is independent of i) and

U§h=— Y, :5,C<"(x;— x;) (4.3)
leY
We can then write
n—1
MA) <2/1+Zn z Z a0 (4.4)
1 [Ioc:I]sT1

Equation (3.11) suggests an iterative procedure for the estimation of
a4, We shall obtain the bound by using the tree formula™!>!® in the
right-hand side of Eq. (3.14). Let us then recall some definitions.

Definition. A tree graph of order ¢ is a mapping 5 from {2,.., ¢}
into {1,.., 1— 1}, such that (i) <i. The elements of {1,..., ¢} are the vertices
of n. The legs of # are the couples (#(i), {). A partial ordering on the ver-
tices is defined by saying that i follows #n(i). To each tree we associate a
function on [0,1]"!

t

fr](Slv"'7 S, )= n Sr](i)Sn(i)+l S, (4-5)

where empty products should be read as 1.

It is possible to show (see for example Ref. 7) that

___&2 —1
z H fzxz Y’YS_I)ZL—%——CJ‘EOl]l_ldSI"'dSt—I

ge@ (rs)eg

Xan(Slz . 1)[“ Yn(r)Yr:l
y ei&zw‘c < ¥, (StesSt— 1) (46)

where { indicates the symmetrization with respect to Y,,..., Y, and

W (S Si )= Y, 8.8, S Uy (4.7)
lsra<s<t
Equation (4.6) is useful because we have the following stability

estimate:
t

WA (St Sim) 2 =), UY, (4.8)

1

where U% is defined as in Eq. (4.3), with C* in place of C=*,
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In order to prove (4.8), we proceed as in Ref 13. If W, is an
expression of the form

W,y= z vy (4.9)
ijey
we define, for any Y, < Y.
Wyy= ) v+ ) v, (4.10)
ije Y ijey/n
Then we define
W0 =Tk, Y=Y, uY,u - uY
e e " 411
Wy=(01-S) Wy, oy +SWy, i=1,.,t—1
It is easy to show that
Wy =Wy (S1en S )+ YT, (4.12)
1

Moreover, since U >0, for any set Y of particles, Egs. (4.10) and (4.11)
easily imply, by induction, that

Wi, >0, i=1,.1—1 (4.13)

Equation (4.8) follows from Egs. (4.12) and (4.13).
Let us now observe that, f k2 hand Y=J/_, Y

t
—— Z U<k*1+2rl7ky,

r;ér

’< //\

t 4
= U= = U514y, U<y rUs (4.14)
1 1

then, if we insert Eq. (4.6) in Eq. (3.11), we obtain, using Eqgs. (4.8) and
(4.14),

N

r
25<h—1 — 2k
05 |o'i\’,1,h(€1,..., f,,)| <K, zk I:H % Usia,) |o’o/x,mr,k+ 1(5)’,)[!
r=1

h

0‘(2(1*1) r

« CJdSl'--dS,,lzf,,(Sl,.‘., S 01

n r=2

x[ Y Co(vk(x,-—xj))} (4.15)
1€ ay(ry

JEx
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where

— t!
K

(4.16)

«

Iligrermmst—1 Nigy!

We now insert Eq. (4.15) in Eq. (4.2) and we perform one integration
for each leg of #, in an order suggested by the partial ordering of the tree,
starting from the maximal vertices, and in a way depending on the choice
of iea,,, and jea,. To be more precise, for any choice of 1, i€, and
jea, [which selects one term in the right-hand side of Eq. (4.15)], we per-
form the integration with respect to x;. Translation invariance and
independence of definition (4.2) of i allow us to show that

N t =2(r—1)
N1h| Z I: ” Nm,k+1 ]OC
h r=1

!
t—1 t
<[ [Laseeos |5 T ol 12
R? n Lr=2
xj dS, - dS, 1 £(S1sen Se_ ) (4.17)
[0,171

The sum over % in Eq. (4.17) can be done using the tree estimate!”'?

! r—1
S| 1Tl 1| 5105, 1081 Si < T ltral 0 (418
n r=2 r=1

Moreover,

3 1
I, dxCO(yfc)———yz"(l—F) (4.19)

Then we have

N !
N1h| <K Z I:H ”O.Dlx,mr,k+1” |arl elan':]
h

r=1

y [az(l—i/yz)]tAygzk(z—l) (4.20)

If &% < 47, Eq. (4.20) easily implies by induction that

loMrey < (A KLy —h[2(al — 1) — (#/4n)|al ] (4.21)
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where K’ are constants inductively defined by

K)=2
: 52(n,2 t—1
Kl A V)
K[H ¢ ] ‘ (4.22)
% ik? e+ 1)[2(Jel — 1) = (#/4n)la) ]
0

It is sufficient to observe that, by Egs. (3.4), (4.2), (4.3),
¥ =2 4]y (4.23)

and to insert Eq. (4.21) in the right-hand side of Eq. (4.20).
Equations (4.4) and (4.21) imply that

n—1

(/1)<2|M+Zn YLy A K, (4.24)
2 1 [ele Ty
laf =n
and we are left with the problem of showing that the series in the right-
hand side of Eq. (4.24) is convergent, if |A] is small enough.
Equations (4.16) and (4.22) imply that, if /> 1

! B! l_’l |
Ki<4 : (K7 5] (4.25)
Misterumer—1 Nigg! 02,

where

0
A= "/2 Z v — (2 — &%/2m)

o ozz(; i (4.26)
5= ez},—a—d%n)
Suppose y 1s so large that
R (4.27)

This is not really a restriction since lim _, ., p"(4) is clearly independent of
v, if it exists. Then Eq. (4.25) becomes

t! B!t
K, <4 ! . -
H[ﬁ]eTm,mg/,lN%m! f rljl .
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Let us now define

Y=Y JA™MK, Iz1,122

1

[a]eTy
ITadl=1t

61:21‘//§5 =1
2

£ =14 K? =214

Then we can write Eq. (4.24) in the form
PrAS2 1A+ Y ¢
1

Equations (4.28) and (4.29) imply that

l B! t! ! . "
Visd—— % o T K 1]
[[04]]6 T H[ﬂ]GTm,mslfl (81" r=1

[la]l =1

Since any / cluster contains at least one (/— 1) cluster, we have

vi<aZ (s wrke) (5 k)]

[e]eTm [«]eTm
m<i—1 m</—2

/-1 r—1
<ABtléll< Z 6”‘)
0
where we used the inequality
(@a+b) —b'<at(a+b) !

Therefore, if /=1

Suppose 4 so small that
4ABE° =8 |1 AB<S
Then it is easy to show by induction that

E<E@ABCY, 120

Benfatto

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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Equations (4.32), (4.37), and (4.38) immediately imply that p¥(4) is
uniformly bounded in N, if 4 satisfies Eq. (4.37).

Theorem 1 is now a trivial consequence of dominated Lebesgue
theorem. The function p(A) is defined like p™(A) [see Eq. (4.1)] with a9
in place of g0 g= is defined inductively by Egs. (3.10), (3.11) with
N = o0.

5. THE CORRELATION FUNCTIONS

The proof of Theorem 2 is essentially the same as the proof of
Theorem 1. By Eqgs. (2.6) and (2.9)

n

W5 s E) = A" Zee
1 n

log[zﬁl(fl,s gn)/Zl/Y:”u: =4, =0 (51)

23Er b= Plo M exp (V343 o) (52
1

One can write an expansion for log Z¥(£,,..., &,) analogous to the
expansion of log Z% [see Eq. (3.15)]. The only difference is that now there
are n+ 1 different O clusters, associated to the n+ 1 different terms in the
exponential of Eq. (5.2).

Of course all terms present in the expansion of log Z% appear also in
the expansion of log Z%. Then log Z%/Z" contains only terms bounded as
|A]| — oo, uniformly in N, and one can very easily extend the arguments in
Section 4 in order to show that log Z%/Z% and its derivatives with respect
to A, A(,.., 4, converge, as N— oo, if |4| and |4}, i=1,.., n, are small
enough, to a limit which is analytic in 4, 4,,.., 4,,.

Theorem 2 follows immediately from these considerations and
Eq. (5.1). Also the exponential clustering is an evident property of the
expansion.
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